Abstract. We consider the quantum centipede made of N fermionic quantum walkers on the one-dimensional lattice interacting by means of the simplest of all hard-bound constraints: the distance between two consecutive fermions is either one or two lattice spacings. This composite quantum walker spreads ballistically, just as the simple quantum walk. However, because of the interactions between the internal degrees of freedom, the distribution of its center-of-mass velocity displays numerous ballistic fronts in the long-time limit, corresponding to singularities in the empirical velocity distribution. The spectrum of the centipede and the corresponding group velocities are analyzed by direct means for the first few values of N . Some analytical results are obtained for arbitrary N by exploiting an exact mapping of the problem onto a free-fermion system. We thus derive the maximal velocity describing the ballistic spreading of the two extremal fronts of the centipede wavefunction, including its non-trivial value in the large-N limit.
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Introduction
Quantum walks [1] , the quantum analogues of classical random walks, play a prominent role in quantum information theory [2] . It has been shown in [3] that any quantum algorithm can be restated in terms of quantum walks. These universal objects are the source of fascinating problems mixing wave dynamics, discrete geometry and probability theory. Quantum dynamics often results in a counter-intuitive phenomenology: quantities like hitting times or survival probabilities of a walker are genuinely different in quantum and classical set-ups; in particular, a quantum search can be far more efficient than a classical algorithm (see e.g. [4, 5, 6 ] for reviews).
Single-particle quantum walks have been realized in the laboratory, using nuclear magnetic resonance [7] , trapped ions or atoms [8, 9, 10] and photons [11] . The behavior of a single quantum walker can be explained by a wave description [12] and reproduced in an experiment with classical waves [13] .
Non-classical effects become essential if one considers multiple quantum walkers. Quantum walks of correlated photons have been implemented experimentally by various groups [14, 15, 16, 17] . In such systems, quantum interferences and interactions lead to entanglement and correlations that can not be accounted for by a classical picture, triggering thus much interest among theorists [18, 19, 20, 21, 22] .
A single quantum walker displays a ballistic rather than a diffusive motion. It spreads over a range of space that grows linearly with time. Surprisingly, the wavefunction displays sharp maxima near the boundaries of that allowed range, whereas it is negligibly small beyond this range. These maxima can be interpreted as ballistic fronts [2, 23] . In a recent work [24] , we have investigated the dynamics of bosonic and fermionic bound states of two interacting continuous-time quantum walkers in one dimension. The emphasis was on the ballistic spreading of the centerof-mass coordinate. We have demonstrated the existence of multiple internal ballistic fronts, corresponding to singularities of the velocity distribution, besides the two usual extremal ones. This feature is robust and generic, regardless of the statistics and of the precise form of the interaction potential between the two particles.
The aim of the present work is to investigate the center-of-mass dynamics, and especially the ballistic fronts, displayed by a composite object made of N fermionic quantum walkers on a one-dimensional lattice, constrained to remain within a fixed distance ℓ from their neighbors. This problem can be viewed as quantummechanical version of the diffusive dynamics of the N -legged molecular spiders that were considered in [25] , hence the name quantum centipede. In this work we focus our attention onto the simplest of all centipedes, corresponding to ℓ = 2. In this special situation, some analytical results can be derived by exploiting an exact mapping of the problem onto a free-fermion system.
The outline of this paper is as follows. In section 2 we review known results on one-dimensional continuous-time quantum walks, both for a single walker and for a pair of interacting walkers. The fermionic quantum centipede studied in this work is defined in section 3. In section 4 we map the problem onto an integrable XX Heisenberg spin chain, which can be reduced to a free-fermion system and diagonalized by means of a Jordan-Wigner transformation. Explicit results on the spectrum of the quantum centipede are presented in section 5 for the first few values of the fermion number (N = 2 to 5). In section 6 we obtain the maximal spreading velocities V (N ) for arbitrary N , as well as their limit V (∞) . Section 7 contains a discussion of our findings. A derivation of the characteristic equations (4.14), (4.15) is given in Appendix A.
A summary of earlier results on one and two quantum walkers
We consider continuous-time quantum walks on the discrete one-dimensional lattice. There is no need for an internal degree of freedom (quantum coin), as would be required for discrete-time dynamics. We recall some elementary results for the single quantum walk [2, 4, 5, 6, 23] , and then discuss the case of two co-walking particles, with an emphasis on the ballistic fronts (see [24] and the references therein).
The simple quantum walker
The simple continuous-time quantum walk is modeled by a tight-binding Hamiltonian, in which the walker hops from a site to a neighboring site. We denote by ψ n (t) = n|ψ(t) the wavefunction of the particle at site n at time t, and use dimensionless units. The dynamics of the walker is given by
Suppose that the particle is launched from the origin at time t = 0: ψ n (0) = δ n0 . The wavefunction at time t is then given by a Bessel function:
2) Asymptotic properties of Bessel functions allow us to analyze the spreading of the quantum walk in the long-time limit [23] . The asymptotic probability distribution of the effective velocity v = n/t has a compact support and converges to an 'arc-sine law':
We emphasize that, in contrast to the classical case, the convergence is in the weak sense: the probability distribution |ψ n (t)| 2 displays high-frequency oscillations which must be averaged out to derive the function f (v) [26, 27, 28, 29, 30] .
At late times, the quantum particle is therefore almost surely located in the allowed region (|n| < 2t). A more precise analysis shows that the probabilities |ψ n (t)| 2 display sharp ballistic fronts near the endpoints of the allowed region (n = ±2t), with a height scaling as t −2/3 and a width scaling as t 1/3 . The above generic behavior remains unchanged as long as the initial state is localized in a finite region: the quantum walker spreads ballistically in the allowed region limited by ballistic fronts near n = ±2t, with a forbidden region beyond them. It is however possible to engineer exceptional initial states, for which either one or even both fronts are eliminated by quantum interferences [24] , but these features are non-generic.
The picture changes qualitatively if the particle is allowed to hop to the nextnearest neighboring sites with a transition amplitude g:
Allowing hopping to second and further neighbors is known to have far reaching consequences in a variety of situations [31, 32, 33, 34] . For instance, in the case of graphene [35, 36] , hopping to second neighbors breaks the chiral symmetry between both sublattices. In the present case, when g > 1/4, the probability distribution of the velocity v = n/t becomes singular at four values. The quantum walker thus exhibits four fronts: two external fronts (as above) at v = ±V + , and also two internal fronts at v = ±V − [24] . If longer range hopping is allowed and if the corresponding hopping amplitudes exceed critical values, more internal fronts might appear for generic initial conditions.
Two co-walking quantum particles
The continuous-time quantum walk problem can be generalized by considering several interacting quantum walkers. In a recent work [24] , we have investigated the quantum walk performed by two identical particles interacting either through hard-bound constraints or by a smooth confining potential. The statistics of the particles (bosonic or fermionic) turned out to play an important role in the analysis of the ballistic spreading of the bound states thus obtained. We briefly summarize the results of [24] for the quantum walk of two onedimensional fermions interacting by the hard-bound constraint that their distance is at most ℓ lattice spacings. We denote by n 1 = n + m and n 2 = n the positions of the particles, so that n cm = n + m/2 is the center-of-mass coordinate, whereas m = n 1 − n 2 is the relative coordinate. The hard-bound constraint imposes that |m| ≤ ℓ. This fermionic system is described by the wavefunction 5) which is odd with respect to m. Because fermionic particles can not cross one another in one dimension, m can be restricted to the range m = 1, . . . , ℓ. The dynamics is then given by
with Dirichlet boundary conditions: ψ n,0 (t) = ψ n,ℓ+1 (t) = 0. The exact solution of this two-body problem displays the following features. The wavefunction again spreads ballistically in the center-of-mass coordinate. For late times, the components ψ n,m (t) of the wavefunction have appreciable values for a range of n that grows ballistically and symmetrically with respect to the origin. The probability distribution |ψ n,m (t)| 2 of the bound state in its center-of-mass coordinate generically exhibits sharp ballistic fronts for n ≈ V k t, where the front velocities read
The spreading dynamics is therefore characterized by two extremal fronts, and ℓ − 2 internal ones for ℓ ≥ 3. The range of the allowed zone is |n| < V t, the maximal spreading velocity being
In the limit where the extent of the bound state diverges (ℓ → ∞), the above result approaches the free value V = 2, with a 1/ℓ 2 correction. This picture remains qualitatively unchanged if the hard-bound constraint is replaced by a smooth confining potential. The bosonic and fermionic spectra are infinite sequences of dispersive energy levels, each of which giving rise to a ballistic front. These spectra have been studied in detail in the case where the confining potential is homogeneous, i.e., of the form W m = g|m| α . In particular, the maximal spreading velocity of two-fermion bound states departs from its free value V = 2 according to
at weak coupling (g ≪ 1), where the constant C (F) has been determined [24] .
The fermionic quantum centipede
We now introduce the system we study in this work. It is the quantum centipede made of N interacting fermionic quantum walkers on the one-dimensional lattice. The interaction is modeled by the simplest of all hard-bound constraints: the distance between two consecutive fermions is either one or two lattice spacings. Besides the number N of fermions, the model is entirely parameter-free. One-dimensional fermions cannot cross each other, and so the discrete positions of the particles along the chain can be assumed to be ordered as x 1 < x 2 < . . . < x N . We label the state of the quantum centipede by the following variables:
• n = x 1 denotes the position of the leftmost fermion along the chain, • the internal state of the centipede is described by a string ε = (ε 1 , . . . , ε N −1 ) of N − 1 binary variables, with ε j = x j+1 − x j − 1 = 0 or 1 for j = 1, . . . , N − 1.
We have thus ε j = 0 if fermions j and j + 1 are adjacent, while ε j = 1 if they are separated by a single empty site. The center-of-mass coordinate of the centipede reads
We have x cm = n + (N − 1)/2 for the most compact internal state (ε j = 0 for all j), whereas x cm = n + N − 1 for the most extended one (ε j = 1 for all j). The 2 N −1 amplitudes of N -body wavefunction
satisfy coupled continuous-time dynamical equations, which are analogous to (2.6). We shall not need to write down these equations explicitly, except for N = 2 (see (5.1)) and N = 3 (see (5.8) ). The system is spatially homogeneous, i.e., invariant under discrete translations. It is therefore convenient to perform a Fourier transform with respect to n and define
where the center-of-mass momentum q can be restricted to the first Brillouin zone (|q| ≤ π).
The dynamics of the amplitudes (3.3) is governed by an effective dispersive (i.e., q-dependent) Hamiltonian H, represented by a Hermitian matrix of size 2
(see e.g. (5.2), (5.9), (5.14)). The energy spectrum of the centipede therefore has 2
branches, i.e., the eigenvalues ω a (q) of H, with a = 1, . . . , 2 N −1 . The corresponding branches of the group velocity read
We shall be mostly interested in the maximal velocity
describing the ballistic spreading of the two extremal fronts of the wavefunction in the center-of-mass coordinate, as well as in the internal ballistic fronts, characterized by all the other stationary values of the group velocity, such that
In order to proceed, we start by noticing that the action of the quantum Hamiltonian H can be described in purely classical terms. The string ε is interpreted as a classical configuration of particles and holes on an open finite lattice of size N − 1. If ε j = 1, site j is occupied by a particle; if ε j = 0, site j is empty. The quantum dynamics generated by H corresponds to the following evolution rules:
10 ⇀ ↽ 01 with rate 1. Site 1:
1 → 0 with rate e −iq , 0 → 1 with rate e iq .
Site N − 1: 1 → 0 with rate 1,
These rules are reminiscent of the symmetric simple exclusion process (SEP) with open boundaries (see e.g. [37] ). An equivalence with the SEP had already been put forward in the classical situation of the molecular spiders and centipedes investigated in [25] . There are however several notable differences between quantum-mechanical systems such as the present one and classical stochastic systems such as the SEP: (i) The quantum Hamiltonian H acts on amplitudes, and not on probabilities.
(ii) The transition amplitudes or 'rates' are not necessarily positive real numbers.
(iii) The system is not equivalent to a classical stochastic process, even for q = 0. The Hamiltonian H and the Markov operator for the SEP have the same non-diagonal elements, but the Markov operator contains diagonal loss terms, in order to ensure probability conservation, whereas the Hamiltonian H does not have diagonal entries.
Mapping onto a free-fermion system
The energy spectrum of the quantum centipede can be determined, at least formally, by means of an exact mapping onto an integrable spin chain and finally onto a freefermion system. The Hamiltonian H that implements the quantum dynamics (3.7) can be written, using Pauli matrices, as
We thus obtain the Hamiltonian of an XX spin chain with non-diagonal boundary terms [38, 39] . By convention, ε j = 0 (site j is empty) corresponds to ↑ j (spin j is up), whereas ε j = 1 (site j is occupied) corresponds to ↓ j (spin j is down). In the local basis {0 j , 1 j } ≡ {| ↑ j , | ↓ j }, the Pauli matrices are given by
and the raising and lowering operators S ± j are defined as
The Hamiltonian H can be diagonalized by means of a Jordan-Wigner transformation [40] mapping it onto a free-fermion system. Because of the boundary terms, H is not fully bilinear. This can be rectified [41, 42] by adding two auxiliary sites, one at each end of the chain, labeled 0 and N . We thus define a new Hamiltonian H long on a chain of N + 1 sites as
The boundary operators S The Hamiltonian H long can be diagonalized using a fermionization procedure, as explained in [42] . The operators defined as The last step consists in expressing H long as a free-fermion Hamiltonian:
To do so, we must find a set of annihilation and creation operators a k and a † k of fermionic quasiparticles, satisfying the canonical anti-commutation relations
These quasiparticles are not to be confused with the original fermionic quantum walkers which constitute the centipede. The number operators N k = a † k a k have eigenvalues 0 and 1. It follows from (4.8) that the eigenvalues of H long are given by where the bar denotes complex conjugation. The complex coefficients (x k;j , y k;j ) are found by requiring that a k and a † k satisfy the canonical fermionic anti-commutation relations (4.9) and that H long takes the diagonal form (4.
(4.12)
Details are given in Appendix A. The quasiparticle eigenvalues are given by
where the discrete values p k of the internal momentum p satisfy the characteristic equation (A.13), which can be further simplified by dealing separately with even and odd values of N . We obtain after some algebra •
This is a special case of the more general two-body problem considered in [24] , where the maximal distance between the two quantum walkers is an arbitrary integer ℓ. With the notation (3.2), the amplitudes ψ 0 n and ψ 1 n obey the equations
which can be viewed as a special case of (2.6). The corresponding Hamiltonian reads
We thus readily obtain
3)
The associated group velocities read
In particular, the maximal velocities ±V (2) , with
5) are reached for q = ±π. There is no other stationary value of the group velocity, and consequently no internal front besides the extremal ones, in agreement with the findings of [24] for ℓ = 2, recalled in section 2.2. Figure 2 shows plots of the energy spectrum (left) and of the group velocities (right) against q/π in the first Brillouin zone. Equation (4.14) yields the quasiparticle eigenvalues Figure 3 shows the quasiparticle spectrum against q/π. The correspondence (4.10) relies on the following identities:
(5.7)
• N = 3
The wavefunction amplitudes obey the equations i dψ Figure 4 shows plots of the energy spectrum (left) and of the group velocities (right) against q/π. The maximal velocities ±V (3) , with
are respectively reached for q = ±π/2. The group velocity also exhibits a flat (i.e., non-dispersive) band, as well as four non-trivial stationary points obeying (3.6). Differentiating twice the characteristic equation (5.10), we obtain after some algebra the stationary velocities ±V These results show that the wavefunction of the 3-fermion centipede generically exhibit five ballistic peaks in the center-of-mass coordinate: two extremal ones at n ≈ ±V (3) t, two internal ones at n ≈ ±V (3, 1) t, and possibly a central one at the origin, corresponding to the flat band. These predictions are illustrated in figure 5 , showing plots of the probability profiles |ψ 00 n (t)| 2 (left) and |ψ 01 n (t)| 2 (right) at time t = 200 against n (n serves as a proxy for the center-of-mass coordinate x cm ) for the N = 3 centipede launched at t = 0 at sites 0, 1 and 2, i.e., with a single non-zero amplitude ψ 00 0 (0) = 1. The first profile exhibits a central peak, whereas the second one does not. Figure 6 shows the quasiparticle spectrum against q/π. • N = 4
The Hamiltonian reads 
The associated characteristic equation is Figure 7 shows plots of the energy spectrum (left) and of the group velocities (right) against q/π. The maximal velocities ±V (4) , with 16) are reached for q = 0. Figure 8 shows the quasiparticle spectrum against q/π. This is the first case where the correspondence (4.10) exhibits its generic nature, in the sense that it involves non-trivial linear combinations. • N = 5
We shall not write down the 16 × are respectively reached for q = ∓π/2. Figure 10 shows the quasiparticle spectrum against q/π. The above results illustrate the general feature that the complexity of the energy spectrum of the centipede grows very fast as the fermion number N is increased. In particular the number of stationary values of the velocity satisfying (3.6), which are responsible for the occurrence of internal ballistic fronts, grows very rapidly with N . The quasiparticle spectrum however remains regular and simple, as the number of quasiparticle eigenvalues only grows linearly with N . 
Maximal spreading velocity for arbitrary N
The aim of this section is to obtain an exact expression of the maximal velocity V (N )
of the centipede for an arbitrary fermion number N . This quantity, defined in (3.5), characterizes the ballistic spreading of the two extremal fronts of the wavefunction in the center-of-mass coordinate. We shall also derive the exact value of the limit V (∞) . The explicit results given in section 5 for the first few values of N suggest the following pattern. The maximal velocity V (N ) is reached for the values of the center-of-mass momentum q such that the right-hand side of the characteristic equations (4.14), (4.15) vanishes, i.e., q = 0 or ±π when N is even, whereas q = ±π/2 when N is odd. In these situations, all the quasiparticle eigenvalues Λ k are twofold degenerate. The simultaneous linear lifting of these degeneracies yields, by means of (4.10), the largest possible value of the group velocity.
Let us consider for definiteness the case where N is even, and set
with Λ = cos p (see (4.13), (A.9)). The function P N (Λ) thus defined is a polynomial with degree N , which can be expressed as a linear combination of two Chebyshev polynomials of the second kind [43] :
The polynomials P N obey the recursion
We have P 0 (Λ) = 4,
, and so on. The characteristic equation (4.14) can thus be recast as
For q = 0 or q = π, the right-hand side vanishes. The doubly degenerate quasiparticle eigenvalues therefore coincide with the N roots Λ k of the polynomial P N . The lifting of these twofold degeneracies in the vicinity of q = 0 or q = π is described by the slopes
Using (4.10), taking care about avoiding multiple counting, we obtain the expression
for the maximal spreading velocity. The case where N is odd can be dealt with in a similar way and yields the same expression.
The general formula (6.6) allows us to recover (5.5), (5.11), (5.16), (5.19), i.e., 
where Int(.) denotes the integer part. As the fermion number N increases, the velocities V (N ) converge to a finite limit V (∞) , which can be obtained as follows. For N ≥ 3, N − 2 roots Λ k of the polynomial P N obey |Λ k | < 1. They correspond to real momenta p k , such that The last two roots satisfy |Λ| > 1. They correspond to evanescent modes with complex momenta p = iζ and p = π + iζ, such that Λ = ± cosh ζ, with tanh(N ζ) = 2 tanh ζ. In the large-N limit, we have tanh ζ → 1/2, and so ζ → (ln 3)/2 (see (6.14) ) and Λ → ±2/ √ 3. By differentiating (6.1), using (6.10) and (6.11), we obtain the following estimate
for large N and real momenta p k . Finally, inserting the above expression into (6.6), and replacing the sum by an integral, we obtain
0 sin 2 p dp
2 ) = 0.570 349 449 . . ., (6.13) where E and K are the complete elliptic integrals [43] . is the inverse penetration length of the evanescent modes. This clearly demonstrates that the velocities converge to their limit as V (N ) − V (∞) ∼ e −N ζ , i.e., exponentially fast in N . 
Discussion
We have investigated a quantum centipede made of N fermionic quantum walkers on the one-dimensional lattice interacting by the hard constraint that the distance between two successive fermions is either one or two lattice spacings. Besides the number N of fermions, the model is entirely parameter-free.
As in our previous work [24] , the main emphasis has been put on the ballistic spreading of the wavefunction of the centipede in its center-of-mass coordinate. For a generic initial state located in the vicinity of the origin, the distribution profile of the velocity v = n/t of the center of mass generically exhibits two extremal ballistic fronts at ±V (N ) , as well as internal ballistic fronts, whose number grows rapidly with the number N of fermions.
The energy spectrum of the centipede and the corresponding velocity dispersion curve have been analyzed by direct means for the first few values of N , whereas some analytical results have been derived for arbitrary N by exploiting a mapping of the problem onto a free-fermion system. We have thus obtained the expression (6.6) of the maximal spreading velocity V (N ) , and the non-trivial result (6.13) for the limit V (∞) . It is interesting to put the present findings in perspective with the results of [25] on the diffusive dynamics of N -legged molecules dubbed polypeds and spiders [44] . The classical analogue of the present situation is that of symmetric molecular centipedes, whose diffusion coefficient is given (for all N ≥ 2) by
There is a stark contrast between the fall-off of the diffusion coefficient D (N ) for large N in the classical case and the convergence of the spreading velocity to a finite limit V (∞) in the quantum case. This is yet another manifestation of the qualitatively different dynamical behavior of classical and quantum walkers.
Some of the properties of the quantum centipede depend on the parity of the fermion number N . The symmetries of the energy spectrum ensure the existence of a flat (i.e., non-dispersive) band when N is odd. As a consequence, the wavefunction of the centipede may exhibit a central peak near the origin for odd N . (This is illustrated in figure 5 for N = 3 .) The occurrence of a central peak has been underlined in other types of quantum walks. For a single discrete-time walker equipped with a three-dimensional quantum coin, a localization phenomenon has been put forward, in the sense that a finite fraction of the probability stays forever in the vicinity of the particle's starting point [45, 46] . From a different perspective, parity effects are also known to affect transport properties of some quasi-one-dimensional systems. Disordered strips made of N coupled channels with purely off-diagonal disorder are known to exhibit conventional Anderson localization for even N , albeit unconventional localization properties for odd N , with a subexponential scaling of the conductance at the band center [47, 48, 49, 50] .
In this work we have demonstrated that the simplest fermionic quantum centipede, with maximal separation ℓ = 2 between neighboring particles, is tractable by analytical means. It would be interesting to investigate fermionic or bosonic quantum centipedes with larger maximal separations as well. Classical centipedes with ℓ ≥ 3 however lead to extremely complicated results, so that the general case seems intractable [25] . Another variant that has been studied in the classical case is a centipede whose total length never exceeds some given length L [25] . Its quantum analogue also appears to be interesting. Finally, it might also be worth considering bound states of N quantum walkers, either fermionic or bosonic, on higher-dimensional lattices with various kinds of hard-bound constraints.
Appendix A. Derivation of the characteristic equations (4.14), (4.15) In this appendix we provide a detailed characterization of the quasiparticle operators defined in (4.11) and a derivation of the characteristic equations (4.14), (4.15) .
Our starting point is the quadratic identity The characteristic equation thus obtained is a polynomial equation with degree N + 1 in the variable cos 2p = 2Λ 2 − 1. The value p = 0 is however not allowed. The eigenvectors constructed as above indeed vanish identically for p = 0. We are thus left with N pairs of opposite quasiparticle eigenvalues ±Λ k . This spectrum is to be completed by Λ = 0 with multiplicity two. For e ip = ±i the system (A.12) indeed always admits the solution A = B = C = D, irrespective of q. This elementary non-dispersive solution had been discarded in the algebra leading to (A.13).
Inserting the above quasiparticle spectrum into (4.10) yields the 2 N +1 (possibly degenerate) eigenvalues ω long of H long . A quarter of them, corresponding to the sector (+1, +1) of the boundary operators S Finally, the characteristic equation (A.13) can be further simplified to (4.14) and (4.15) , by dealing separately with even and odd values of N .
